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Abstract
With the Lyapunov second method, we study the abstract functional differential equation, du
dt
= f (t, ut ).
We obtain inequalities of solutions and exponential stability with conditions like:
(i) W1(|u(t)|X) V (t, ut )W2(D(t, ut )) +
∫ t
t−h L(s)W1(|u(s)|X) ds,
(ii) V ′
(1)(t, u
t )−η(t)W2(D(t, ut )) + P(t).
Applications in ordinary and partial functional differential equations are given.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
We consider the general abstract functional differential equations with finite delay
du
dt
= F (t, ut). (1)
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T. Wang / J. Math. Anal. Appl. 324 (2006) 982–991 983First, let us set forth some notation and terminology. Suppose that (X, | · |X) and (Y, | · |Y) are
Banach spaces and X ∩ Y = ∅ with |u|Y  N |u|X for some constant N > 0 and all u ∈ X ∩ Y.
Denote CX = C([−h,0],X), where h > 0 is a constant and
‖u‖CX = sup
{∣∣u(s)∣∣X: −h s  0} for u ∈ CX.
Thus (CX,‖ · ‖CX) is also a Banach space. If u : [t0 −h,β) → X for some β > t0, define ut ∈ CX
by ut (s) = u(t + s) for s ∈ [−h,0], where t ∈ [t0, β). For a positive constant H , by CXH we
denote the subset of CX for which ‖φ‖CX < H for each φ ∈ CX. F : R+ ×CX → Y is a function.
Here R+ = [0,∞). dudt is the strong derivative [4] of u at t in (X, | · |X). We also denote
m(φ) = min−hs0
∣∣φ(s)∣∣ for φ ∈ CX.
Definition 1.1. A function u(t0, φ) is said to be a solution of Eq. (1) with an initial function
φ ∈ CX at t = t0  0 and having a value u(t, t0, φ) if there is β > 0 such that u : [t0 −h, t0 +β) →
X ∩ Y with ut ∈ CX∩Y for t0  t < t0 +β , ut0 = φ, and u(t, t0, φ) satisfies Eq. (1) on (t0, t0 +β)
in (Y, | · |Y).
Throughout this paper we work with wedges, denoted by Wi , which are continuous functions
from R+ → R+ with Wi(0) = 0, and which are strictly increasing. These wedges are related to
properties of continuous scalar functionals (called Lyapunov functionals) V : R+ × CXH → R+
which are differentiated along the solutions of Eq. (1) by the relation
V ′(1)(t, φ) = sup lim
δ→0+
sup
[
V
(
t + δ,ut+δ(t, φ))− V (t,φ)]/δ
and V (t,0) = 0 for all t ∈ R+, where u(t,φ) is a solution of Eq. (1) satisfying ut = φ and the
first “sup” runs over such solutions, since the solution of Eq. (1) may not be unique. Detailed
consequences of this derivative are discussed in [1,2,4].
As for partial derivatives, we denote ut = ∂u∂t , and ∂
2u
∂x∂t
= utx . If u, or some derivative of u is
written without its arguments, then those arguments are (t, x). On the other hand, whenever t is
a superscript throughout this paper, ut is a function in CX. A superscript of any other letter will
be an exponent.
The following definition follows J. Kato [3].
Definition 1.2.
(a) The zero solution of Eq. (1) is stable in (X,Y) if for each ε > 0 and t0  0 there exists a
δ > 0 such that [φ ∈ CX, t  t0,‖φ‖CX < δ] imply that |u(t, t0, φ)|Y < ε.
(b) The zero solution of Eq. (1) is uniformly stable (US) in (X,Y) if it is stable in (X,Y) and if
δ is independent of t0.
(c) The zero solution of Eq. (1) is asymptotically stable (AS) in (X,Y) if it is stable in (X,Y)
and for each t0  0, there is r > 0 such that for each φ ∈ CXr, |u(t, t0, φ)|Y → 0, as t → ∞.
(d) The zero solution of Eq. (1) is uniformly asymptotically stable (UAS) in (X,Y) if it is uni-
formly stable in (X,Y) and if there is r > 0 and for each μ > 0 there is T > 0 such that
[t0  0, φ ∈ CXr, t  t0 + T ] imply that |u(t, t0, φ)|Y < μ.
(e) The zero solution of Eq. (1) is exponentially asymptotically stable (EAS) in (X,Y) if there
is a constant μ > 0 and for each ε > 0, there is a constant δ > 0 such that [t  t0, φ ∈ CXδ ]
imply that |u(t, t0, φ)|Y  εe−μ(t−t0).
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form asymptotic stability, for example, please refer to Burton [1], Hale and Lunel [2], Ladas,
Lakshmikantham and Leela [4,5], Wang [11,12] and Wu [13]. Theorem 1.1 was obtained by
Wang [11]. However, the research on exponential stability in abstract functional differential equa-
tions does not make as much progress as uniform asymptotic stability. Liao [8] and Li and Wen
[7] discussed EAS for ordinary functional differential equations. Theorem 1.2 is a relatively gen-
eral result on EAS given by Huang and Lin [6] (also see Li and Wen [7, p. 146]).
Theorem 1.1. Let V : R+ × CXH → R+ be continuous and D : R+ × CXH → R+ be continuous
along the solutions of Eq. (1). Suppose that there are continuous functions η1, η2 : R+ → R+
and the following conditions hold:
(i) V (t, ut )W1(|u(t)|X +
∫ t
t−h D(s,u
s) ds),
(ii) V ′(1)(t, ut )−η1(t)W2(m(ut ))−η2(t)W3(D(t, ut )), where η1 ∈ IP(S) for some S > 0 and
η2 ∈ PIM; and
(iii) D(t,φ)W6(‖φ‖CX).
Then V (t, ut ) → 0 uniformly as t → ∞ along the solutions of Eq. (1). Moreover, if
(iv) W0(|u(t)|X) V (t, ut ),
then u = 0 of Eq. (1) is UAS in (X,X).
Theorem 1.2. Consider the ordinary differential system
x′ = f (t, xt), x ∈ Rn. (2)
Let a, b, c and n are positive constants. Let V : R+ × CX → R+ (X = Rn) be continuous and
satisfy the following conditions:
(i) a|φ(0)|n  V (t,φ) b(|φ(0)|n + ∫ 0−h |φ(s)|n ds),
(ii) V ′(2)(t, φ)−c|φ(0)|n.
Then the solutions of Eq. (2) satisfy the following inequality:∣∣x(t, t0, φ)∣∣Ke−ε(t−t0),
where
K = n
√√√√√b(1 + h) + ch
a(1 + h)
[∣∣φ(0)∣∣n +
0∫
−h
∣∣φ(s)∣∣n ds
]
and ε = c[(1 + h)b + ch]n .
In this paper, we will generalize Eq. (2) to Eq. (1) and weaken conditions (i) and (ii) of Theo-
rem 1.2. We will also show applications in ordinary and partial functional differential equations.
The next section is our main result.
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Theorem 2.1. Let V : R+ × CXH → R+ be continuous and D : R+ × CXH → R+ be continuous
along the solutions of Eq. (1), and η,L, and P : R+ → R+ be integrable. Suppose the following
conditions hold:
(i) W1(|u(t)|X) V (t, ut )W2(D(t, ut )) +
∫ t
t−h L(s)W1(|u(s)|X) ds,
(ii) V ′(1)(t, ut )−η(t)W2(D(t, ut )) + P(t).
Then the solutions of Eq. (1), u(t) = u(t, t0, φ), satisfy the following inequality:
W1
(∣∣u(t)∣∣X)
[
K +
t∫
t0
P(s)e
∫ s
t0
η(r) dr
ds
]
e
∫ t
t0
[−η(s)+L(s)(e
∫ s+h
s η(r) dr−1)]ds
, t  t0, (3)
where
K = V (t0, φ) +
[
e
∫ t0+h
t0 η(r) dr − 1]
0∫
−h
L(s + t0)W1
(∣∣φ(s)∣∣X)ds.
To prove this theorem, we need Hale–Lunel’s inequality.
Hale–Lunel’s inequality [2, p. 15]:
If u(t) and α(t) are real valued continuous functions on [a, b], and β(t) 0 is integrable on
[a, b] with
u(t) α(t) +
t∫
a
β(s)u(s) ds for a  t  b,
then
u(t) α(t) +
t∫
a
α(s)β(s)e
∫ t
s β(r) dr ds for a  t  b.
If, in addition, α(t) is nondecreasing, then
u(t) α(t)e
∫ t
a β(r) dr , for a  t  b.
Proof of Theorem 2.1. With condition (ii),
V ′(1)
(
t, ut
)
−η(t)
[
W2
(
D(t,ut )
)+
t∫
t−h
L(s)W1
(∣∣u(s)∣∣X)ds
]
+ η(t)
t∫
L(s)W1
(∣∣u(s)∣∣X)ds + P(t),
t−h
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V ′(1)
(
t, ut
)
−η(t)V (t, ut)+ η(t)
t∫
t−h
L(s)W1
(∣∣u(s)∣∣X)ds + P(t). (4)
Multiplied by e
∫ t
t0
η(r) dr
, inequality (4) becomes
d
dt
[
V
(
t, ut
)
e
∫ t
t0
η(r) dr] P(t)e∫ tt0 η(r) dr + η(t)e∫ tt0 η(r) dr
t∫
t−h
L(s)W1
(∣∣u(s)∣∣X)ds.
Integrating it from t0 to t , we get
V
(
t, ut
)
e
∫ t
t0
η(r) dr  V
(
t0, u
t0
)+
t∫
t0
P(z)e
∫ z
t0
η(r) dr
dz
+
t∫
t0
z∫
z−h
η(z)e
∫ z
t0
η(r) dr
L(s)W1
(∣∣u(s)∣∣X)ds dz. (5)
Exchange the order of integration of the last term,
t∫
t0
z∫
z−h
η(z)e
∫ z
t0
η(r) dr
L(s)W1
(∣∣u(s)∣∣X)ds dz

t0∫
t0−h
s+h∫
t0
η(z)e
∫ z
t0
η(r) dr
L(s)W1
(∣∣u(s)∣∣X)dzds
+
t∫
t0
s+h∫
s
η(z)e
∫ z
t0
η(r) dr
L(s)W1
(∣∣u(s)∣∣X)dzds
=
t0∫
t0−h
L(s)W1
(∣∣u(s)∣∣X)[e
∫ s+h
t0
η(r) dr − 1]ds
+
t∫
t0
L(s)W1
(∣∣u(s)∣∣X)[e
∫ s+h
t0
η(r) dr − e
∫ s
t0
η(r) dr]
ds

[
e
∫ t0+h
t0 η(r) dr − 1]
t0∫
t0−h
L(s)W1
(∣∣u(s)∣∣X)ds
+
t∫
t0
L(s)W1
(∣∣u(s)∣∣X)e
∫ s
t0
η(r) dr[
e
∫ s+h
s η(r) dr − 1]ds. (6)
Combine (5) and (6),
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(
t, ut
)
e
∫ t
t0
η(r) dr  V (t0, φ) +
t∫
t0
P(z)e
∫ z
t0
η(r) dr
dz
+ [e∫ t0+ht0 η(r) dr − 1]
0∫
−h
L(s + t0)W1
(∣∣φ(s)∣∣X)ds
+
t∫
t0
L(s)W1
(∣∣u(s)∣∣X)e
∫ s
t0
η(r) dr[
e
∫ s+h
s η(r) dr − 1]ds,
that is
W1
(∣∣u(t)∣∣X)e
∫ t
t0
η(r) dr K +
t∫
t0
P(z)e
∫ z
t0
η(r) dr
dz
+
t∫
t0
L(s)W1
(∣∣u(s)∣∣X)e
∫ s
t0
η(r) dr[
e
∫ s+h
s η(r) dr − 1]ds.
Applying Hale–Lunel’s inequality, we get
W1
(∣∣u(t)∣∣X)e
∫ t
t0
η(r) dr 
[
K +
t∫
t0
P(z)e
∫ z
t0
η(r) dr
dz
]
e
∫ t
t0
L(s)[e
∫ s+h
s η(r) dr−1]ds
,
which yields inequality (3). 
Corollary. Assume all the conditions of Theorem 2.1 hold. Let η(t) c, L(t)M and P(t)Q
for t  0, where c, M , and Q are positive constants. Then
W1
(∣∣u(t)∣∣X)
[
K + Q
c
(
ec(t−t0) − 1)]e[−c+M(ech−1)](t−t0), t  t0, (7)
and there is a small lower bound c such that the exponent M(ech − 1) − c < 0 if and only if
hM < 1.
Proof. Conditions of Theorem 2.1 can be replaced with the weaker ones:
(a) W1(|u(t)|X) V (t, ut )W2(D(t, ut )) +
∫ t
t−h MW1(|u(s)|X) ds,
(b) V ′
(1)(t, u
t )−cW2(D(t, ut )) + Q.
Thus, it is equivalent to apply Theorem 2.1 by assuming η = c, L(s) = M and P(t) = Q. Then
inequality (7) is a direct conclusion of Theorem 2.1. To prove the statement, M(ech − 1)− c < 0
if and only if hM < 1, apply the Maclaurin series of ex . We have
M
(
ech − 1)− c = M
( ∞∑
k=1
1
k! (ch)
k
)
− c = chM
( ∞∑
k=1
1
k! (ch)
k−1
)
− c. (8)
If hM  1, Eq. (8) > 0. Therefore hM < 1 is necessary. If hM < 1, there is a constant ε > 0
such that hM + ε < 1. Continue Eq. (8),
988 T. Wang / J. Math. Anal. Appl. 324 (2006) 982–991M
(
ech − 1)− c < chM
( ∞∑
k=1
1
k! (ch)
k−1
)
− (hM + ε)c
= chM
[ ∞∑
k=2
1
k! (ch)
k−1
]
− εc
= c
[
ch2M
∞∑
k=2
1
k! (ch)
k−2 − ε
]
< c
(
ch2Mech − ε). (9)
Since c is a lower bound, we can choose c so small that (ch2Mech − ε) < 0. Thus we proved
that the condition is sufficient. 
An interesting case is Q = 0. Based on the corollary, we have the following theorem.
Theorem 2.2. Let M and c be positive constants, u(t) = u(t, t0, φ) be a solution of Eq. (1). Let
V : R+ ×CXH → R+ be continuous and D : R+ ×CXH → R+ be continuous along the solutions
of Eq. (1), and assume the following conditions hold:
(i) W1(|u(t)|X) V (t, ut )W2(D(t, ut )) + M
∫ t
t−h W1(|u(s)|X) ds,
(ii) V ′
(1)(t, u
t )−cW2(D(t, ut )),
(iii) hM < 1,
then there is a constant ε > 0 such that the solutions of Eq. (1) satisfy the following inequality:
W1
(∣∣u(t)∣∣X)Ke−ε(t−t0), (10)
where
K = V (t0, φ) + M
(
ech − 1)
0∫
−h
W1
(∣∣φ(s)∣∣X)ds.
3. Applications
Example 3.1. Consider the partial functional differential equation,
∂u
∂t
= uxx(t, x) + ωu(t, x) + f
(
u(t − h,x)),
u(t,0) = u(t,π) = 0, t  0, 0 x  π, f (0) = 0, (11)
with ω a real constant and f : R → R continuous. Travis and Webb [9] proved that if f is a
Lipschitz continuous scalar-valued function on the scalar field with Lipschitz constant L and
continuously differentiable, then Eq. (10) has a classical solution for each initial condition
u(t, x) = φ(t)(x), 0  x  π , −h  t  0, where φ : [−h,0] → C[0,π] is continuously dif-
ferentiable, and
φ˙−(0)(x) = ∂
2φ
∂x2
(0)(x) + ωφ(0)(x) + f (φ(−h)(x)).
Let X = C0[0,π] with the supremum norm | · |C0 . They also proved that z = 0 of Eq. (11) is
stable in (X,X) if −L ω and AS in (X,X) if −L > ω.
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H10[0,π] is the Sobolev space of u ∈ Lp[0,π] which has weak derivatives of order  1 with
the norm |u|H10 = [
∫ π
0 |u′(s)|2 ds]
1
2
. He obtained that u = 0 of Eq. (11) is UAS in (X,X) if
ω + L − 1 < 0. The Lyapunov functional he used in [12] is:
V
(
t, ut
)=
π∫
0
u2x(t, x) dx + L
t∫
t−h
π∫
0
u2x(s, x) dx ds,
with
V ′(11)
(
t, ut
)
 2(−1 + ω + L)
π∫
0
u2x dx,
which yields
∣∣u(t, x)∣∣2H10  V (t, ut)
∣∣u(t, x)∣∣2H10 + L
t∫
t−h
∣∣u(s, x)∣∣2H10 ds,
and
V ′(11)
(
t, ut
)
−2(1 − ω − L)∣∣u(t, x)∣∣2H10 .
Applying Theorem 2.2, we came up with the following theorem.
Theorem 3.1. Let −1+ω+L < 0. Then the solutions of Eq. (11) satisfy the following inequality:∣∣u(t, x)∣∣H10 
√
Ke
1
2 [Le2(1−ω−L)h+2ω+L−2](t−t0), t  t0,
where
K = ∣∣φ(0)(x)∣∣2H10 + L
0∫
−h
∣∣φ(s)(x)∣∣2H10 ds + L[e2(1−ω−L)h − 1]
0∫
−h
∣∣φ(s)(x)∣∣2H10 ds.
In addition, if hL < 1, then there exists ε > 0 such that∣∣u(t, t0, φ)∣∣H10 
√
Ke−ε(t−t0), t  t0,
and hence, the zero solution of Eq. (11) is exponential asymptotically stable in (H10,H10).
Example 3.2. Consider the scalar equation
x′(t) = −a(t)x(t) + b(t)x(t − h) (12)
with a : R+ → R+ and b : R+ → R continuous.
Define V (t, xt ) = |x(t)| + ∫ t
t−h |b(u + h)||x(u)|du. Then
V ′(t, xt )−a(t)∣∣x(t)∣∣+ ∣∣b(t)∣∣∣∣x(t − h)∣∣+ ∣∣b(t + h)∣∣∣∣x(t)∣∣− ∣∣b(t)∣∣∣∣x(t − h)∣∣

[−a(t) + ∣∣b(t + h)∣∣]∣∣x(t)∣∣.
Applying Theorem 2.1, we have the following theorem.
990 T. Wang / J. Math. Anal. Appl. 324 (2006) 982–991Theorem 3.2. Let a(t)−|b(t +h)| 0. The solutions of Eq. (12) satisfy the following inequality:
∣∣x(t, t0, φ)∣∣Ke− ∫ tt0 a(s) ds+∫ tt0 |b(s+h)|[e
∫ s+h
s [a(s)−|b(s+h)|]dr ds
, t  t0,
where
K = ∣∣φ(0)∣∣+
0∫
−h
∣∣b(s + t0 + h)∣∣∣∣φ(s)∣∣ds
+ [e∫ t0+ht0 [a(r)−|b(r+h)|]dr − 1]
0∫
−h
∣∣b(s + t0 + h)∣∣∣∣φ(s)∣∣ds.
If a(t) and b(t) are constants, the above inequality can be simplified to∣∣x(t)∣∣Ke(−a+|b|eh(a−|b|))(t−t0), t  t0.
In addition, if |b|h < 1, there is δ > 0 such that |x(t, t0, φ)|Ke−δ(t−t0).
Equation (12) has been a popular equation studied by many investigators. Hale and Lunel
[2, p. 16] considered the scalar equation, x′(t) = ax(t) + bx(t − h) + f (t), where a and b
are constants. They gave the inequality of solutions of the equation, |x(t, t0, φ)|  αeβt (‖φ‖ +∫ t
0 |f (s)|ds) for some positive constants α and β . They also obtained asymptotic stability of
Eq. (12) if a − |b| > 0. Their asymptotic stability does not depend on the size of h. With an ad-
ditional condition, |b|h < 1, we obtained exponential asymptotic stability. Our result is different
from theirs.
The author [10] also studied Eq. (12). For comparison, let us state it here.
Theorem 3.3. [10] Assume − 12h  a(t) + b(t + h)  −hb2(t + h). Let x(t) = x(t, t0, φ) be a
solution of Eq. (11) defined on [t0,∞). Then
∣∣x(t)∣∣ ‖φ‖
(
1 +
t0+ h2∫
t0
∣∣b(u)∣∣du
)
e
∫ t
t0
a(s) ds
for t ∈ [t0, t0 + h2 ]; and
∣∣x(t)∣∣√6V (t0)e 12 ∫ t− h2t0 [a(s)+b(s+h)]ds
for t  t0 + h2 , where
V (t0) =
[
φ(0) +
0∫
−h
b(s + t0 + h)φ(s) ds
]2
+
0∫
−h
0∫
s
b2(z + h)φ2(z) dz ds.
Theorem 3.3 does not require a(t)  0 though its condition, − 12h  a(t) + b(t + h) 
−hb2(t + h), is stronger than that of Theorem 3.2. Therefore, Theorems 3.2 and 3.3 are dif-
ferent.
T. Wang / J. Math. Anal. Appl. 324 (2006) 982–991 991Acknowledgments
When this paper was presented at the 25th Southeast Atlantic Regional Conference on Differential Equations, Pro-
fessor Youssef Raffoul at University of Dayton suggested including a positive constant in condition (ii) of Theorem 2.1,
which becomes P(t), now. The author is very grateful for his valuable suggestion.
References
[1] T.A. Burton, Stability and Periodic Solutions of Ordinary and Functional Differential Equations, Academic Press,
Orlando, FL, 1985.
[2] J. Hale, S. Lunel, Theory of Functional Differential Equations, Springer, New York, 1993.
[3] J. Kato, Stability in functional differential equations; functional differential equations and bifurcation, in: A. Dold,
B. Eckmann (Eds.), Proceedings of a Conference Held at Sao Carlos, Brazil, Springer, New York, 1979, pp. 252–
262.
[4] G.E. Ladas, V. Lakshmikantham, Differential Equations in Abstract Spaces, Academic Press, New York, 1972.
[5] V. Lakshmikantham, S. Leela, Differential and Integral Inequalities, vols. I and II, Academic Press, New York,
1969.
[6] Z. Huang, X. Lin, On the stability of delay systems, Math. Ann. 1 (3) (1982) (in Chinese).
[7] S. Li, L. Wen, Functional Differential Equations, Hunan Science and Technology Press, 1985 (in Chinese).
[8] X. Liao, Theory and Application of Stability for Dynamical Systems, National Defense Industry Press of China,
2000 (in Chinese).
[9] C. Travis, G. Webb, Existence and stability for partial functional differential equations, Trans. Amer. Math. Soc. 200
(1974) 395–418.
[10] T. Wang, Inequalities and stability in a linear scalar functional differential equation, J. Math. Anal. Appl. 298 (2004)
33–44.
[11] T. Wang, Stability in abstract functional differential equations Part I: General theorems, J. Math. Anal. Appl. 186
(1994) 534–558.
[12] Wang, Stability in abstract functional differential equations Part II: Applications, J. Math. Anal. Appl. 186 (1994)
835–861.
[13] J. Wu, Theory and Applications of Partial Functional Differential Equations, Springer-Verlag, New York, 1996.
